paper, every ring has unity. J and B(R) will denote the Jacobson and the prime radical of a ring R respectively. If X is a subset of a ring i?, r(X) (resp. l(X)) will mean the right (resp. left) annihilator of X in R. A right (left) ideal of a ring R is said to be a right (left) annulet if A = r(X)(A = l(X)) for some subset X of R. A ring R is called a duo ring if every one-sided ideal of R is two-sided A ring R is said to be a right (left) g-ring if every right (left) ideal of R is a quasi-injective right (left) i?-module. By a g-ring we mean a ring which is both right and left g-ring. It was proved in [6] that a ring R is a right g-ring if and only if R is right self-injective and every large right ideal of R is two-sided. It is clear that a right self-injective duo ring is a right g-ring. In particular, every commutative self-injective ring is a g-ring. It is also shown in [8, Corollary 1.6 ] that a local right g-ring is a duo ring.
A nonzero ideal A of a ring R is said to be an indecomposable ideal if A is not expressed as the direct sum of two nonzero ideals of R. An indecomposable ideal B of a ring R is called a block if there exists an ideal B f of R such that R = B@B f . A ring R is said to be a principal ideal ring (PIR) if every onesided ideal of R is cyclic. The notation PIRD will mean a principal ideal ring which is also a duo ring.
2Φ
We start by proving and recording some results which are essential for proving the main theorems. Proof. Similar to that given in [9, Th. 31] Proof. If R is prime, then it is simple and we have nothing to prove. So assume that R is not prime.
( i) If possible, let R contain more than two distinct maximal ideals. Then, in view of 2.3, the product of any two maximal ideals of R is not zero. Hence, by 2. Proof. By 2.3, M is the unique maximal ideal of R. Then, since M Φ 0, l(M)dM, which implies that M is a large right ideal of R. Thus, the fact that R is a right g-ring implies that every right ideal containing M is two-sided [6, Th. 2.3] . Hence Mis a maximal right ideal, and therefore is the unique maximal right ideal of R. Then R is a local ring having M as its Jacobson radical. Now, R is a duo ring follows by [8, Corollary 1.6] . Hence M = xR = Rx. We proceed to show that every principal right ideal of R is of the form x a R for some positive integer a. Let 0 Φ y e R. If y is not a unit, then y e M = xR. This implies that 2/ = xy ι for some 2/ x 6 R. Again if y ι is not a unit, then y x = xy 2 for some y 2 e R, and hence y -x 2 y 2 . Proceeding in this way, noting that x n = 0, we get y -χ a y a for some positive integer a < n, where y a is a unit in i?. Hence,
Now, let A be a right ideal of R. Since A = Σ*eAfcBι it follows that A = α^i? = Bo;* for some positive integer β ^ n. Thus, the only right (left) ideals of R are
This completes the proof.
The following theorem generalizes Levy's result for the class of non-prime rings. where {R iy 1 ^ i ^ k} are the blocks of R. First assume that k > 1. Then, every homomorphic image of the ring Ri is isomorphic to a proper homomorphic image of R. Then every homomorphic image of R { is a QF-r'mg, and by Proposition 2.8, each Ri has a unique maximal ideal ikf*. If Ri is prime, then it is simple artinian. Suppose that Ri is not prime, then by 2.1 and 2.2, Mi 1 = 0 for some positive integer n t > 1. Now, either by 2.9 (in case Ui = 2) or by 2.11, R { is a PIRD with descending chain condition. Hence R is of type (1) .
Next, let k = 1. Then in view of Prop. 2.8, we have to consider two cases:
Case (i), R contains a unique maximal ideal M. Then, as before, M n = 0 for some positive integer n > 1. If M 2 Φ 0, then by 2.11, R is a local PIRD with descending chain condition, and hence of type (1) .
If M* = 0, we consider the following subcases: (a) M is a minimal ideal. Then M is the only proper ideal of R, and R is of type (2).
(b) M contains a nonzero ideal A. Let S = R/A and JV = If/A. Then N is a maximal ideal in the right g-ring S satisfying N 2 = 0. Consequently, N is the only proper right (left) ideal of S. This also proves that M is a maximal right ideal of R, and hence the unique maximal right ideal. Therefore R is a local ring. Thus R is of type (3) .
Case ( Conversely, suppose that R is of type (1), (2) or (3). Then it is obvious that any proper homomorphic image of R is of the form i0ΰ, where A is semisimple artinian and B is a PIRD with descending chain condition. Since a PIR with descending chain condition is QF [1, Th. 4.1] , B is a g-ring. Then it is clear that iφΰ is a g-ring, completing the proof. Now, we consider the prime case. THEOREM 2.13. Let R be a prime right noetherian ring with the property that every proper homomorphic image is a right qring. Then, ( i ) every ideal of R is a product of prime ideals, and (ii) for every nonzero prime ideal of R, R/P is a division ring.
Proof. If R is a simple ring, the result holds trivially. So, we assume that R is not simple. Let P be a nonzero prime ideal of R. Then, P is a maximal ideal by Lemma 2.1. Also P 2 Φ 0, since R is prime. Consider the ring R/P 2 . By Lemma 2.9, P/P 2 is the only
